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Stable Path-Following Control for a Quadrotor
Helicopter Considering Energy Consumption

Daniel C. Gandolfo, Lucio R. Salinas, Member, IEEE, Alexandre Brandão, Member, IEEE, and Juan M. Toibero

Abstract— A substantial interest in aerial robots has grown
in recent years. However, the energetic cost of flying is one of
the key challenges nowadays. Rotorcrafts are heavier-than-air
flying machines that use lift generated by one or several rotors
(vertically oriented propellers), and because of this, they spend
a large proportion of their available energy to maintain their
own weight in the air. In this brief, this concept is used to
evaluate the relationship between navigation speed and energy
consumption in a miniature quadrotor helicopter, which travels
over a desired path. A novel path-following controller is proposed
in which the speed of the rotorcraft is a dynamic profile that
varies with the geometric requirements of the desired path. The
stability of the control law is proved using the Lyapunov theory.
The experimental results using a real quadrotor show the good
performance of the proposed controller, and the percentages of
involved energy are quantified using a model of a lithium polymer
battery that was previously identified.

Index Terms— Energy consumption, kinematic model, path-
following controller, quadrotor, unmanned aerial vehicles (UAVs).

I. INTRODUCTION

NOWADAYS, the advent of unmanned aerial vehi-
cles (UAVs) is unquestionable. They have become

increasingly popular in both academia and industry because of
their wide range of applications, e.g., environment monitoring,
safety, search and rescue, border surveillance, geology and
mining, agriculture industry, or traffic control. Among the
many UAVs developed in recent years, a significant focus has
been placed on rotorcrafts machines because of their abilities
to hover and to takeoff and land vertically. In particular, small
quadrotor UAVs equipped with electric motors and fixed-pitch
propellers gained popularity because of their compact size,
low cost, and the ability to operate safely in any environment
or in the presence of humans [1]. Besides, compared with
traditional rc helicopters, quadrotors are simpler in mechanical
composition. A quadrotor typically has a rigid frame with four
motors, one at each end, with one propeller directly mounted
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on each motor without any complex transmission mechanism
in between [2]. As can be seen in [3], rotorcrafts have excellent
performance on different key features, such as controllability,
stationary flight, low speed flight, and vertical takeoff and
landing, among others; but their energy consumption is very
high. In this context, it is where the motivation for this brief
appears. The energetic cost of flying is one of the current key
challenges, and often the reason why the missions assigned to
these UAVs are impossible to complete.

In terms of control strategies, the problem of trajectory
tracking is subject to limitations imposed by the nonminimum
phase zeros of certain systems (such as an aircraft). The path-
following approach, instead, is not subject to these limitations,
because the reference is not parameterized in time, and the
speed at which the path is traversed remains as an extra degree
of freedom [4]. For this reason, the study of path-following
techniques is an appropriate and motivating approach when
considering energy consumption, since it allows the use of
navigation speed as an adjustment parameter.

Several approaches for rotorcraft motion control have been
developed using techniques as varied as fuzzy logic [5],
predictive control [6], neural networks [7], linear quadratic
regulator theory [8], Lyapunov theory [9], [10], sliding mode
control [11], or linear algebra [12], among others.

Many path-following controllers have been reported
in recent years for rotorcraft quadrotors. For instance,
Akhtar et al. [13] propose a smooth, dynamic feedback con-
troller for a quadrotor helicopter using the concepts of trans-
verse feedback linearization and dynamic extension. Similarly,
in [14], a nonlinear state feedback controller is presented; the
global convergence to zero of the path-following errors is also
demonstrated. Considering various control techniques, [15]
presents a flight control of an autonomous quadrotor helicopter
based on fuzzy sliding mode control using backstepping
approach. Hernandez et al. [16] describe the process of iden-
tification and closed-loop control of a quadrotor as well as
a path-following application based on internal model control
position controllers, and then, compare it against a classic
PID controller. Differential flatness-based method is addressed
in [17] for controlling a quadrotor along a desired vector field,
whereas [18] presents an overview on the existing works on
fault detection and diagnosis and fault-tolerant control for the
unmanned rotorcraft systems.

In some cases, a minimization of the control actions is
proposed, such as in [19]–[21], where the control of the
rotorcraft is commanded by minimizing a performance index
that considers control efforts among other parameters. More-
over, in [22], a comparison of three control techniques for
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quadrotor stabilization (nested saturations, backstepping, and
sliding modes) is presented, concluding that nested saturation
controller should be considered as the best option in terms
of lower energy consumption, because it has the minimum
control action values. Another point of view is given in [23],
where mechanical changes in the quadrotor are proposed to
allow a terrestrial navigation; this way, the vehicle can travel
longer distances under appropriate ground conditions.

In the literature discussed earlier, many controllers are based
on the UAV kinematic model, and their optimal performance is
shown, in general, by simulation results only. These reported
results consider neither the dynamic effects that exist in real
applications nor how to couple the controller to a real aircraft.
However, there are also many controllers based on the dynamic
model of a quadrotor, which contemplate these dynamic
effects. The main disadvantage of these controllers is their
inflexibility to be used in other types of UAVs. Nevertheless,
in all the cases, the primary objective is to follow a desired
reference path with bounded position errors, but the energy
consumption and total flight time are not taken into account.
In some instances, we proposed as a secondary objective to
minimize the control actions; but there is not a concise idea
of the real energy savings or extra navigation time achieved,
because the relationship between control efforts and actual
energy consumption (the energy supplied by the batteries in
the case of electric propulsion) is not thoroughly studied.

This brief analyzes the influence of the velocity command
over the quadrotor LiPo battery. First, the relationship between
energy consumption and quadrotor speed is experimentally
established. For this purpose, we consider the dynamic model
of a lithium polymer battery previously identified in [24].
Thus, the results can be analyzed based on real energy
consumption instead of control efforts. Next, a novel design
of a kinematic path-following controller is presented and its
stability is proved using the Lyapunov theory. The experimen-
tal results demonstrate how, by selecting a dynamic velocity
profile, which considers path curvature as a way to penalize
the speed, the path-following errors can be reduced obtaining
real-world energy savings at the same time.

In this brief, it is assumed that the reference path is a
requirement previously imposed, and it must be followed in
the best possible way (energetically speaking); for this reason,
no path planning proposal is presented.

This brief is organized as follows. Section II is devoted to
the experimental justification of the relationship between speed
and power consumption for a quadrotor. Section III describes
the proposal for the path-following controller. Section IV
explains the inclusion of path curvature to adjust the desired
velocity over the path. Section V addresses the coupling
between the kinematic controller and the physical UAV as
a prelude to the presentation of several experimental results
in Section VI. Finally, the presented approach is discussed in
Section VII, and this brief is concluded in Section VIII.

II. RELATIONSHIP BETWEEN SPEED AND POWER

CONSUMPTION FOR A QUADROTOR

Unlike ground vehicles, the UAVs never stop consuming
energy, because they must maintain their own weight in the air

Fig. 1. Quadrotor in hover (left) and with forward speed (right).

the entire time. This is even more critical in rotary-wing UAVs,
since they do not have enough wing surfaces providing a lift
phenomenon (as in fixed-wing UAVs), and all the thrust must
be generated by the propulsion system. Then, a way to save
energy in quadrotors is minimizing time aloft. In consequence,
the aircraft has to move as fast as possible. However, if the
quadrotor moves faster, a loss of lift is produced due to
a greater inclination of its rigid body. This requires more
effort from the propulsion system to generate the same weight
component in the vertical axis, allowing the quadrotor to
remain with the same altitude. This is shown in Fig. 1, where
E and E ′ are the thrust generated by the propellers in hover
and forward flight, respectively, being E ′ > E .

On the other hand, in forward flights, the power requirement
can be higher as the rotors torque increases to overcome
parasitic drag (incurred as a result of the nonlifting surfaces,
which include drag arising from the airframe, motors, and the
guidance and control system at the center of the airframe).
This parasitic drag is significant at high speeds for full-sized
rotorcraft and becomes the predominant resistant force; for the
flight envelope of quadrotor vehicles flying at moderate speeds
up to 10 m/s, parasitic drag may often be ignored [25].

So, at this stage, the following questions arise. Can the
loss of lift (that demands more energy) counteract the energy
savings achieved by the quadrotor when it navigates a certain
path faster to maintain its weight less time in the air? Do the
energy savings obtained with the increase of the quadrotor
speed have a significant value?

To answer these questions, the following experiment is
designed: given a four-rotor helicopter AR. Drone 2.01 (micro
UAV category with 380 g of weight and running speed of
5 m/s in perfect conditions) with GPS, it is considered its
navigation over a straight path of 500 m at three different
speeds v1 < v2 < v3. In this case, the quadrotor is controlled
by the application provided by the manufacturer running on a
smartphone or tablet. Fig. 2(a) shows the experiment setting
and Fig. 2(b) shows a photo of the flight path that has been
recorded using the GPS data.

In a first experiment, three identical lithium polymer batter-
ies, designated as B1, B2, and B3 (11.1 V and 1050 mAh),
modeled in our previous work [24], were used as energy
sources. At the end of each flight, the state of charge (SOC)
of each battery was computed using its dynamic model. After-
ward, batteries were recharged at the same initial conditions
and a second experiment was made exchanging the assigned
speeds to each battery to reinforce the experimental results.
Table I shows the results of both the experiments.

1Parrot AR. Drone 2.0. http://ardrone2.parrot.com/
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Fig. 2. (a) AR. Drone 2.0 in the environment of the experiment. (b) Top
view of the flight path provided by the GPS data.

TABLE I

ENERGY ACTUALLY CONSUMED BY THE QUADROTOR WHEN NAVIGATING

AT DIFFERENT SPEEDS OVER A 500-m STRAIGHT PATH

It can be seen from Table I that the results are consistent.
There is a difference of ∼29% in the consumed energy for the
same distance traveled at different speeds (v1 and v3) exposing
the quadrotor speed impact over the battery SOC and how
this can motivate the study of control techniques that allow
to use this extra degree of freedom (speed) with the aim of
saving energy. Based on these results, Section III describes the
proposed path-following controller.

III. PATH-FOLLOWING CONTROLLER

We consider the simplified kinematic model of a UAV [26],
which assumes null the roll and pitch angles

ẋ =

⎡
⎢⎢⎣

ẋa

ẏa

ża

ψ̇a

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

cos(ψa) − sin(ψa) 0 0
sin(ψa) cos(ψa) 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣
vax
vay
vaz
ωaz

⎤
⎥⎥⎦ = Ju.

(1)

This model has only four degrees of freedom and relates
linear and angular velocities in a reference frame fixed to
the body of the aircraft u = [vax vay vaz ωaz]T with those
in the inertial reference frame ẋ = [ẋa ẏa ża ψ̇a]T , being ψa

the aircraft yaw angle and J the Jacobian matrix relating them.
The objective of the path-following problem is to obtain

the control action uc = [vaxc vayc vazc ωazc]T , which allows
the UAV to follow an adequate predefined path in �3 at
desired velocities and yaw angle. Then, given a geometric path
P ∈ �3, the intention is to find a continuous control action
uc such that the airship meets the following goals.

1) The rotorcraft asymptotically converges to the path P
or limt→∞ x̃(t) = 0; being x̃ = xr − x, x the aircraft
position and orientation vector and xr = [xr yr zr ψr ]T

a vector formed by the point of minimum distance
between P and the aircraft and desired orientation at
that point.

2) The velocity Va = (v2
ax + v2

ay + v2
az)

1/2
asymptotically

converges to a desired Vd or limt→∞ Va(t) = Vd(t) > 0.

A. Control Law

The following control action uc is proposed:
uc = J−1[Ks tanh(Kx̃)+ vd] (2)

where J−1 is the inverse of J (1).
In (2), tanh is the hyperbolic tangent function operat-

ing elementwise; Ks = diag(ksx, ksy, ksz, ksψ) and K =
diag(kx , ky, kz, kψ) are two positive constant diagonal matri-
ces, selected to limit the maximum value of the control action
and to modify the hyperbolic tangent mapping of the position
and orientation error vector, respectively. vd is the desired
velocity vector

vd =

⎡
⎢⎢⎣
vdx

vdy

vdz

ωdz

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

Vd cos(ϕr ) cos(θr )
Vd cos(ϕr ) sin(θr )

Vd sin(ϕr )
0

⎤
⎥⎥⎦ (3)

θr = atan2(�yr ,�xr ), ϕr = arctan

⎛
⎝ �zr√

�2
xr

+�2
yr

⎞
⎠

where atan2 is the four quadrant arctangent function, θr rep-
resents the direction of the path tangent vector at (xr , yr , zr )
(point of minimum distance between the path and the aircraft)
projected on the XY plane, and ϕr represents the elevation
angle measured from the XY plane to the path tangent
vector.

Remark 1: It is important to note that vd and ẋr are not
always equal. This is because xr is not an external reference
but depends on the actual quadrotor position (minimum-
distance criterion). Therefore, if a position error exists (x̃ �= 0),
then, xr will move on the path but with a velocity that is
different to that of the aircraft (vd) [27]. Consequently, vd and
ẋr will be equal only when x̃ = 0 and the desired orientation
ψr is equivalent to the direction of the path tangent vector θr .

B. Stability Analysis

Theorem 1: A quadrotor modeled by (1) follows a given
geometric path P ∈ �3 at a desired velocity Vd > 0 satisfying
conditions 1) and 2) if, assuming perfect velocity tracking,
i.e., u ≡ uc, the control actions are defined by (2).

Proof: Considering the hypothesis of perfect velocity
tracking, i.e., u ≡ uc, (2) can be substituted into the kinematic
model (1) to obtain the following closed-loop equation:

ẋ = JJ−1y = Ks tanh(Kx̃)+ vd

0 = (vd − ẋ)+ Ks tanh(Kx̃). (4)

In general, the desired velocity vector vd is different from
the time derivative of the desired location ẋr , and so, defining
the velocity difference vector δ = ẋr − vd, (4) can be written
as

˙̃x + Ks tanh(Kx̃) = δ. (5)

Note that the linear velocity components of vd and ẋr are
collinear (tangent to the path).
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Now, to prove the stability of the equilibrium point
x̃ = [x̃ ỹ z̃ ψ̃]T = 0, the following Lyapunov candidate
function is considered:

V = 1

2
x̃T x̃ (6)

and its derivative along the system’s trajectories

V̇ = x̃T ˙̃x = x̃T (−Ks tanh(Kx̃)+ δ). (7)

The following condition is obtained to ensure that V̇ is
negative definite:

|x̃T KS tanh(Kx̃)| > |x̃T δ|. (8)

Next, (8) is studied in a single dimension (x̃) to simplify
the analysis. A similar study can be done with ỹ, z̃, and ψ̃ .

For large values of x̃ , condition (8) can be reinforced as

|k ′ x̃ | > |δx x̃ | (9)

where k ′ = ksx tanh(kx x̃aux) and x̃aux is the minimum value at
which the error can be considered large. Thus, one condition
for V̇ to be negative definite is

ksx >
|δx |

| tanh(kx x̃aux)| . (10)

Condition (10) establishes a design parameter to guarantee
that error x̃ will decrease.

Now, for the small values of x̃ (x̃ < x̃aux), the condition
given by (8) would be satisfied if

∣∣∣∣
k ′

x̃aux
x̃2

∣∣∣∣ > |δx x̃ |. (11)

Meaning that a sufficient condition for V̇ to be negative
definite is

|x̃ | > |δx ||x̃aux|
|ksx tanh(kx x̃aux)| (12)

implying that error x̃ is ultimately bounded by

|x̃ | ≤ |δx ||x̃aux|
|ksx tanh(kx x̃aux)| . (13)

Then, after the transient, x̃ will be small (Ks tanh(Kx̃) ≈
KsKx̃), with error ỹ, z̃, and ψ̃ bounds similar to (13).

Now, it is proved by contradiction that these control errors
tend to zero.

The closed-loop equation (5) can be written after the tran-
sient as ˙̃x + KsKx̃ = δ or, in Laplace transform form

x̃(s) = (sI + KsK)−1δ(s). (14)

According to (14) and recalling that Ks and K are positive
constant diagonal matrices, the control error vector x̃ and
velocity difference vector δ cannot be orthogonal. Never-
theless, both the vectors are orthogonal by definition (see
Remark 1 and the minimum-distance criterion for xr on P).
Therefore, the only solution for steady state is that x̃(t) → 0
asymptotically [condition 1)], and, consequently, Va(t) →
Vd(t) [condition 2)]. �

Theorem 2: Let us consider the proposed control law (2) in
closed loop with the quadrotor model (1). Then, if there is no

perfect velocity tracking with bounded velocity error defined
as ũ = uc − u, the error vector x̃ is ultimately bounded.

Proof: Disregarding the assumption of perfect velocity
tracking, (5) can now be written as

˙̃x + Ks tanh(Kx̃) = Jũ + δ. (15)

A Lyapunov candidate function (6) is considered, whose
time derivative on the system’s trajectories is

V̇ = x̃T (Jũ + δ)− x̃T Ks tanh(Kx̃). (16)

A sufficient condition for V̇ to be negative definite is

|x̃T KS tanh(Kx̃)| > |x̃T (Jũ + δ)|. (17)

Analyzing (17), following a similar analysis to the one made
to condition (8), it can be concluded that, if:

ksx >
|(cos(ψa)ṽaxc − sin(ψa)ṽayc)||δx |

| tanh(kx x̃aux)| (18)

the error x̃ will be ultimately bounded by

|x̃ | ≤ |(cos(ψa)ṽaxc − sin(ψa)ṽayc)||δx ||x̃aux|
|ksx tanh(kx x̃aux)| . (19)

An equivalent analysis for errors ỹ, z̃, and ψ̃ can be done
to (17) to conclude that x̃ is ultimately bounded. �

IV. PATH CURVATURE AND QUADROTOR SPEED

Using an intuitive analysis, it can be said that curvature
measures what is missing from a curve to be a straight line
at each point and gives a quantitative idea of the geometrical
requirements of the path to be followed. By considering the
required path r as a set of points, it is possible to know the
value of curvature through

�(t) = |ṙ(t)× r̈(t)|
|ṙ(t)|3 . (20)

However, to find the curvature value for a given path
using (20), it is necessary to know the path analytical expres-
sion, which is not always available. For this reason, it is
proposed to use an approximation instead of (20).

A. Approximation for the Path Curvature

Consider any path P ∈ �3 represented by a set of equidis-
tant points, andp1 = (x1, y1, z1) and p2 = (x2, y2, z2), two
points contained in P separated by a small distance; ν1 and ν2
represent the path tangent vector in p1 and p2, respectively.
Now, instead of calculating the angular difference between
ν1 and ν2 in reference to a horizontal fixed reference, it is
proposed to refer vector ν2 to vector ν1. Thus, the sought angle
variation of the path direction is directly the angle between
these two vectors ν1 and ν2.

If ν1 and ν2 are now unit vectors in spherical coordi-
nates: ν1 = [cosα1 cosβ1 cosα1 sin β1 sin α1]T and ν2 =
[cosα2 cosβ2 cosα2 sin β2 sin α2]T ; and recalling the defin-
itions of scalar and dot products

‖ν1 × ν2‖ = ‖ν1‖‖ν2‖ sin γ

〈ν1 · ν2〉 = ‖ν1‖‖ν2‖ cos γ (21)
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Fig. 3. Communication between quadrotor AR. Drone 2.0 and control PC.

where γ is the angle between both vectors or the change of
the path direction between p1 and p2.

If γ is directly obtained from either of the two expressions
in (21), singularities occur when the angle exceeds the value π .
To avoid this problem, the following relationship is proposed:

sin γ

cos γ
= ‖ν1 × ν2‖

〈ν1 · ν2〉 ⇒ γ = atan2(‖ν1 × ν2‖, 〈ν1 · ν2〉).
Then, the curvature can be approximated by � = ((γ )/(�l)).
The term �l represents the distance between points p1 and p2.
Note that when using this approximation, the points pi must
be equidistant along the entire path and the error in the
approximation decreases as the points are closer to each other.

B. Quadrotor Speed Profile

Once the curvature of the path at each point is obtained, the
proposed desired speed Vd for the kinematic controller is

Vd = f (Vmax, �) = Vmax

1 + ksc tanh(kc|�(i + N)|) (22)

where ksc and kc are positive tuning parameters that set the
minimum value of Vd and the hyperbolic tangent mapping;
Vmax is the maximum speed at which the aircraft can navigate
(in terms of its physical limitations and the application).
According to (22), the reference speed decreases in curved
path and increases in straight parts. This variation is modulated
by the geometric requirements of the path and parameters
kc and ksc. This way, x̃ decreases.

Since the path is known, it is possible to use the value
of curvature N-points forward (prediction) to attenuate the
desired speed with anticipation and allow the low-level control
to react properly in time; this is done modifying the design
parameter N . Thus, the proposed speed is bounded between

Vmax

1 + ksc
≤ Vd ≤ Vmax. (23)

V. COUPLING THE KINEMATIC CONTROLLER

TO THE QUADROTOR

To test the kinematic controller in a real quadrotor AR.
Drone 2.0, the control law is programmed in a computer
in MATLAB environment. The computer communicates with
the quadrotor through a WiFi network and the data exchange
is possible using a dedicated software application interfacing
MATLAB and the quadrotor.2 Hence, control actions are sent
to the quadrotor, whereas position, orientation, and velocities
are received from it (Fig. 3).

2A C++ program working as a proxy using shared memory, based on the
CV Drone project (https://github.com/puku0x/cvdrone), has been developed
to communicate MATLAB with the AR. Drone 2.0.

Fig. 4. Adaptation of the kinematic controller to the dynamic model of the
quadrotor.

The speed in both the x and y axes (vax, vay) delivered by
the quadrotor are in the reference frame attached to it; so, in
order to express them in the inertial frame (ẋa , ẏa), the rotation
matrix J must be used. This way, the aircraft position (xa, ya)
is obtained by integrating the rotated speeds. Position in the
z-axis za and yaw angle ψa are directly obtained from the
onboard sensors (ultrasonic, accelerometers, and gyroscopes).

Then, the proposed kinematic controller calculates the
speeds uc, allowing the quadrotor to follow the path of interest,
as indicated in (2):

uc = J−1[Ks tanh(Kx̃)+ vd]⎡
⎢⎢⎣
vaxc
vayc
vazc
ωazc

⎤
⎥⎥⎦ = J−1

⎡
⎢⎢⎣

ksx tanh(kx x̃)+ Vd cos(ϕr ) cos(θr )
ksy tanh(ky ỹ)+ Vd cos(ϕr ) sin(θr )

ksz tanh(kz z̃)+ Vd sin(ϕr )

ksψ tanh(kψψ̃)

⎤
⎥⎥⎦.

While speeds vazc and ωazc can be sent directly to the
quadrotor low-level controller, speeds vaxc and vayc must be
converted to pitch (θa) and roll (φa) angle commands, respec-
tively. For this reason, two PID controllers are incorporated in
the output of the kinematic controller to generate θa and φa

depending on the x-axis (eax) and y-axis (eay) speed errors,
respectively. This is shown in Fig. 4.

Fig. 4 exposes the flexibility of this kinematic-based con-
troller. Modifying only the adaptation stage, it is possible to
use the same controller for other types of miniature rotorcraft,
e.g., using the “inner-loop controller” of [26] as an adaptation
stage, the path-following control can be applied to a miniature
helicopter; however, the speed profile must be analyzed and
suitably chosen for each particular case.

VI. EXPERIMENTAL RESULTS

This section summarizes the main experimental results.
Hereinafter, in Figs. 6–8, the red (or gray) line is the reference
and the black lines are the quadrotor actual values. The
kinematic controller’s constants are: kx = kz = 1.6, ky = 1.4,
kψ = 1.8, and ksi = 1.5 (where i = x, y, z, ψ). The value
of N depends on how quickly the low-level control of the
quadrotor can achieve the desired speed. In this brief, N = 0 is
adopted, since this is the worst case scenario. All experiments
were performed in a closed environment in order to obtain
good results for comparison by avoiding windy conditions.
Moreover, in all the cases, the same set of batteries mentioned
in Section II were used initially with full load.
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TABLE II

ELLIPTICAL PATH AND 80 s OF NAVIGATION

A radio control is employed with two objectives: first, to
bring the UAV to a desired starting position and second, to
enable an emergency landing.

Two types of experiments were proposed: 1) fixed time
navigation and 2) fixed distance navigation.

A. Experiment at Fixed Time

In this case, the reference is an elliptical path at a constant
height of 1 m and radius a = 8 and b = 4. The quadrotor
navigates over this path for a fixed time of 80 s under different
desired velocities, then, the root-mean-square position error
(RMSE) and the traveled distance (TD) are calculated with the
purpose to obtain a conclusion in reference to energy saving.

In the first place, the variable speed reference profile is
considered (22) with the following parameters: ksc = 2,
kc = 0.8, and Vmax = 2. Now, the objective is to find a
constant speed (Vd = cte) to obtain the same RMSE (for the
same path and time). This velocity is Vd = 1.5 m/s. After
that, once the same battery is charged back to full load, the
experience is repeated for 80 s and the results are summarized
in Table II. In the following link, there is a video of this
experience: https://youtu.be/pJdsENRm9Uc.

These results can be interpreted in two ways: 1) for the
same position error, 36% of extra path can be covered using
the proposed speed given by (22) (Vd as a function of the
curvature) or 2) for the same position error, the distance of
116 m could be flown with less energy using (22).

Fig. 5 shows the reference path and orientation and the
actual position xa, ya, za and orientation ψa of the quadrotor.
Once the quadrotor reaches the path, control errors diminish
considerably and remain bounded, reaffirming the theoretical
results of Section III-B. Fig. 6 shows the control actions
of the kinematic controller (vaxc, vayc, vazc, ωazc), the actual
quadrotor speeds (vax, vay, vaz, ωaz), and Va .

To test the controller in a more demanding path in terms
of the curvature, the following hyperelliptical reference path
is considered: x(θ) = ±a cos(2/n) θ , y(θ) = ±b sin(2/n) θ ,
z = c, where 0 ≤ θ < (π/2), a = b = 6, c = 1.8, and n = 4.
The path is approximately a square figure of 6 m × 6 m, at a
fixed height of 1.8 m, and it is established that the quadrotor
navigates over this path for a fixed time of 180 s. First, the
path is traversed at different constant reference speeds of 1, 2,
and 3 m/s, with three identical fully charged batteries in each
case. After that, the same path is traversed at variable speed as
a function of the curvature (with Vmax = 3 m/s, ksc = 2, and
kc = 0.8; thus, the desired speed along the path has a value
between 3 > Vd > 1.4 m/s). In all the cases, the RMSE and
the amount of travel distance have been considered.

Fig. 7 shows the reference path and the actual position
xa, ya, za of the quadrotor for each speed reference. Fig. 8
shows the control actions of the kinematic controller for Vd

Fig. 5. Trajectory (3-D and XY views) and the orientation of the aircraft
with Vd = f (Vmax, �) (at the left) and Vd = cte = 1.5 m/s (at the right).

Fig. 6. Reference and actual speeds of the quadrotor, Vd = f (Vmax, �) with
Vmax = 3 m/s. Elliptical path reference.

as a function of the curvature, where it is possible to observe
that the quadrotor speed during cornering decreases to a value
of 1.4 m/s and tends to Vmax in straight sections of the path.
In the case where the constant reference speed is 3 m/s, the
quadrotor fails to follow the requested path, and it was forced
to land; this can be seen in Fig. 7(c) and (g).

Table III shows the experimental results; there it is possible
to note that for the same position error of 0.25 m approxi-
mately, a 12.5% (42 m) of extra path can be covered using
the proposed speed given by (22). Even in this case, where
the quadrotor faces important direction changes on numerous
occasions (approximately 52 times) within a short period of
time, satisfactory results are achieved. On the other hand, it can
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Fig. 7. 3-D views (top four) and XY views (bottom four) of reference
and actual position of the quadrotor. (a) and (e) → Vd = cte = 1 m/s.
(b) and (f) → Vd = cte = 2 m/s. (c) and (g) → Vd = cte = 3 m/s. (d) and
(h) → Vd = f (Vmax, �).

be seen that in all the cases, the power consumption is almost
the same regardless of the speed. This is mainly because the
aircraft was in the air during the same time in each experiment,
which reinforces the experimental results of Section II.

The small oscillations along the z-axis (maximum 10%)
observed in Figs. 5 and 7 when Vd = f (Vmax, �) can be
reduced adjusting N (22) in order for the quadrotor to slow
down its velocity, modifying the desired speed (Vd ) before
entering the curve. A more adequate low-level control on board
the quadrotor, e.g., using a more accurate distance sensor,
would also help to reduce these oscillations.

B. Experiment at Fixed Distance

Finally, the first experiment is repeated (elliptical path), but
this time until a fixed TD of 500 m is achieved. At the end

Fig. 8. Reference and actual speeds of the quadrotor, Vd = f (Vmax, �) with
Vmax = 3 m/s. Hyperelliptical path reference.

TABLE III

HYPERELLIPTICAL PATH AND 180 s OF NAVIGATION

TABLE IV

ELLIPTICAL PATH AND A FIXED DISTANCE OF 500 m

of each experiment, the energy consumption is considered.
Table IV resumes the results indicating that for approximately
equal position error, the distance of 500 m could be flown
saving 25% energy when using Vd as a function of the
curvature.

VII. DISCUSSION

Analyzing the experimental procedure and results summa-
rized in Tables I–IV, some notes can be made.

1) Although navigation speeds were low, limited by the
vehicle instability and indoor environment size, they
represent an important part of the practical (secure)
flight envelope of miniature rotorcrafts, especially in
autonomous missions. However, we plan to obtain fur-
ther experimental results with a more robust and higher
thrust-to-weight ratio quadrotor and work in the devel-
opment of a new mathematical model of the rotorcraft
energy performance to correlate these results.

2) The energy consumption in the experiments with fixed
time was about the same for different velocity profiles.
These results indicate that less control efforts, whether
they are velocities or accelerations, do not necessarily
translate into real-world energy savings.

3) It is well known that flying style can affect power con-
sumption and reduce flight time, e.g., flying aggressively
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or making aerobatic maneuvers. Nevertheless, it seems
that the most energy-efficient way for a quadrotor to
follow a certain path is flying as fast as possible within
its flight envelope and acceptable error margins. In the
context of optimal control theory, this would mean that
a time-optimal solution is also energy optimal. More
research is needed to explore this issue in greater depth.

4) Ideally, with very accurate models of the rotorcraft,
battery, and environment, a time-energy optimal control
could be applied to follow a predefined path. This is a
well-established result in optimal control theory applied
to robotics [28], [29].

VIII. CONCLUSION

This brief proposed a stable path-following controller based
on the simplified kinematic model of a quadrotor. Several
experiments have been carried out showing the suitable per-
formance of this controller under constant and variable desired
speed profiles. The proposed variable speed profile is defined
by the geometric requirements of the predetermined path. The
percentages of the remaining battery load after each trial can
be known due to the inclusion of the LiPo battery model.
This allowed to conclude about the energy savings introduced
by acting only over the desired velocity. The stability of
the kinematic controller has been demonstrated using the
Lyapunov theory, and its coupling to the dynamic model
of a real quadrotor has been explained. This way, by only
modifying the adaptation stage, the same kinematic controller
can be used in other rotorcraft UAVs.

The experimental results in a real quadrotor show the good
performance of the proposed controller and energy saving
achieved. Two types of experiments were performed: one for
fixed time and another for fixed distance. In the first case, it
is reported how, for the same position error, an average of
24% of extra path can be covered using the proposed variable
speed control law. In the second case, it is reported how, for
almost the same position error, the 500 m distance is flown
using 25% less energy, while using the same strategy.

Hopefully, this information will be helpful for decision
makers in relation to the viability of using miniature rotorcraft
UAVs for missions with limited energetic autonomy.
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